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Abstract 
The steady two-dimensional mixed convection boundary layer flow of viscoelastic nanofluid 
past a circular cylinder by considering convective boundary condition with heat generation has 
been studied numerically. For the case of nanofluid, the base fluid chosen is Carboxymethyl 
cellulose solution (CMC) and the nanoparticle is copper. The Tiwari-Das model has been 
considered in this study. Similarity transformation has been introduced by reducing the 
governing partial differential equations to a system of ordinary differential equations. Then, the 
Keller-box is applied to solve the nonlinear similarity. The numerical results are presented 
graphically and analytically for different values of the parameters including the heat generation 
parameter, nanoparticles volume fraction, and Biot number. A systematic study is discussed 
to analyze the effect of these parameters on the velocity and temperature profiles, as well as 
the skin friction and heat transfer coefficient. The thermal boundary layer shows the changes 
in variation behavior when the nanoparticles volume fraction, heat generation, and Biot number 
are increased. Heat transfer coefficient is an increasing function of heat generation parameter. 
Nanoparticles volume fraction on heat transfer coefficient has the opposite effect when 
compared with the heat generation parameter. 
Keywords: Mixed convection, viscoelastic, nanofluid, convective boundary condition, heat 
generation 
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INTRODUCTION 
Nanotechnology has been long-established in many industrial and 
engineering applications because high thermal conductivity. The term 
nanofluid was first used by Choi (1995), which refers to a base liquid 
with suspended solid nanoparticles. Fluid flows past a horizontal 
circular cylinder are beneficial to many engineering and several 
industrial-manufacturing processes involving petroleum drilling, 
manufacturing of foods, and paper. Studies on the mixed convection 
flow past a cylinder have been carried out by numerous researchers, 
pioneered by Merkin (1977) where studied the mixed convection from 
a horizontal circular cylinder. This problem was then extended by 
Nazar et al. (2004) to include the constant surface heat flux in the 
Newtonian problem considered in both works. Later, Anwar et al. 
(2008) considered a non-Newtonian problem which is viscoelastic 
fluid. 
Salleh et al. presented (2010) numerical solutions of the same 
problem of Nazar et al. (2004) but with different boundary condition 
which is Newtonian heating. The recent issues of mixed convection 
past a horizontal circular cylinder were carried out by Tham et al. 
(2016), Sulochana and Sandeep (2016), and Mahat et al. (2017, 2018). 
Since nanofluid has a higher thermal conductivity compared to usual 
liquids, the fluid has high potential to enhance heat transfer rate in 
engineering systems especially for cooling of electronic devices 
(Kasaeian et al., 2017), thermal energy storage, and filtering devices 
(Raju et al., 2014). 
On the other hand, the study of heat generation in moving fluids is 
important in problems dealing with chemical reactions and those 
concerned with dissociating fluids. Possible heat generation effects 
may alter the temperature distribution and consequently, the particle 
deposition rate in nuclear reactors, electronic chip sand semi-conductor 
wafers (Chamkha and Ahmed, 2011). A number of physical 
phenomena also involve convection that is driven by heat generation. 
Vajravelu and Hadjinicolaou (1993) were the first individuals who 
explored the effect of heat generation and viscous dissipation over a 
linearly stretching continuous surface in a viscous fluid. Chamkha 
(2002) analyzed numerically on hydromagnetic-combined convection 
flow in a vertical lid-driven cavity with internal heat generation or 
absorption. Again, Chamkha et al. (2006) considered the problem of 
the thermophoretic free convection boundary layer from a vertical flat 
plate embedded in a porous medium with the presence of heat 
generation or absorption. On the same year, Hady et al. (2006) studied 
MHD free convection flow along a vertical wavy surface with heat 
generation or absorption effect. A comprehensive analysis of conjugate 
heat transfer for a vertical flat plate with heat generation effect has been 
provided by Mamun et al. (2008). 
Later on, Kasim et al. (2011) have considered the topic on free 
convection flow with heat generation in viscoelastic fluid with the same 
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geometry, which is a circular cylinder. From the investigation, they 
found that the parameter heat generation is significant on shear stress 
and velocity and temperature profile. Other extensions of Kasim et al. 
(2012) has considered the constant surface heat flux as a boundary 
condition. Both problems were solved by using the Keller-box method. 
Contrarily, the implicit finite difference Crank-Nicolson method for the 
Newtonian problem on a horizontal circular cylinder in the presence of 
heat generation and radiation were presented by Zainuddin et al. (2014, 
2015). Olanrewaju et al. (2012) considered the internal heat generation 
effect on thermal boundary layer with a convective surface boundary 
condition and the problems were solved numerically by applying 
shooting iteration technique together with a fourth order Runge-Kutta 
integration scheme. 
The analytic and numeric solutions of heat generation/absorption 
effects in a boundary layer stretched flow of maxwell nanofluid has 
been presented by Awais et al. (2015). Authors have employed 
shooting method for numerical approach which utilizes the Runge-
Kutta-4 (RK4) and secant method whereas homotopy analysis method 
(HAM) is for the analytic approach. Later, Reddy and Chamkha (2016) 
investigated the soret and dufour effects past a stretching sheet in 
porous media with heat generation/absorption in the presence of 
aluminium oxide (Al2O3–water) and titanium oxide (TiO2–water) 
nanofluid. We have considered copper-water as a base nanofluid in this 
problem because copper has the highest factor for heat transfer 
enhancement as reported by Nazar et al. (2011). Rashad et al. (2017) 
conducted the numerical study of magnetic field and internal heat 
generation effects on the free convection in a rectangular cavity filled 
with a porous medium saturated with copper–water nanofluid. They 
have utilized the finite difference method to analyze the outcomes of 
the problem. 
Other than the aforementioned steady cases, there were also 
researches on unsteady cases. Chamkha and Al-Mudhaf (2005) have 
considered the unsteady heat and mass transfer from a rotating vertical 
cone with a magnetic field and heat generation or absorption effects. 
Then, Chamkha and Ahmed (2011) obtained a similarity solution of 
unsteady magnetohydrodynamics (MHD) flow near a stagnation point 
of a three-dimensional porous body with heat and mass transfer, heat 
generation/absorption, and chemical reaction. Khan et al. (2014) 
presented the effects of heat generation on unsteady mixed convection 
flow from a vertical porous plate with induced magnetic field. Ullah et 
al. (2016) recently presented the unsteady MHD mixed convection slip 
flow of casson fluid over nonlinearly stretching sheet embedded in a 
porous medium with chemical reaction, thermal radiation, heat 
generation/absorption, and convective boundary conditions. 
Interestingly, this paper aims to study the effect of heat generation 
on steady mixed convection boundary layer flow of viscoelastic 
nanofluid past a horizontal circular cylinder by considering the 
convective boundary condition. To the best knowledge of the authors, 
there is no study yet to be reported in the literature. The thermal 
performance on flow and heat transfer characteristics are investigated. 
MATHEMATICAL FORMULATION 
The steady mixed convection boundary layer flow past a 
horizontal circular cylinder of radius a placed in a viscoelastic 
nanofluid with convective boundary condition and heat generation 
is considered. It is assumed that the velocity outside the boundary 
is ( )eu x and the temperature of the ambient nanofluid is T , while 
the temperature of the surface of the cylinder is 
( )f f
T
k h T T
y

− = −

as shown in Fig. 1. 
Fig. 1 Coordinates system and the flow model. 
By above assumptions and using the model of the nanofluid 
proposed by Tiwari and Das (2007), the equations governing this 
problem are as follows, see also Merkin (1977), Kasim et al. (2012): 
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Here x and y are the Cartesian coordinates along the surface of the 
cylinder. Besides, y is the coordinate measured normal to the surface 
of the cylinder, u and v are the velocity components, g is the gravity 
acceleration, T is the temperature of selected fluid, 0 0k  is the 
constant of the viscoelastic material (Walter’s Liquid-B model), 
oQ is 
the heat generation constant,  is the nanoparticle volume fraction, 
( )
nf
β is the coefficient of thermal expansion of nanofluid, ( )p
nf
C
is the heat capacitance of nanofluid, nfk is the thermal conductivity of 
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the nanofluid, fk  and sk  are the thermal conductivities of the fluid and 
of the solid fractions, respectively, nf  and nfμ  are the density and 
dynamic viscosity of nanofluid, fμ  is the viscosity of the fluid 
fraction, and nf  is the thermal diffusivity of the nanofluid. The 
thermophysical properties of the base fluid (CMC-water) and 
nanoparticles are given in Table 1 (Lin et al. (2014)). 
 
Table 3  Thermophysical properties of nanoparticles and base fluid. 
 
Physical 
Properties 
( )3kg m −  ( )1 1J kg KpC − −  ( )1 1Wm Kk − −  ( )5 110 K −  
Based fluid 997.1 4179 0.613 21 
Nanoparticle 
(Cu) 
8933 385 401 1.67 
 
Following Merkin (1977) and Nazar et al. (2002), we introduce the 
dimensionless variables defined as 
( ) ( )
( ) ( ) ( ) ( )
1 2 1 2, Re , , Re ,
, / ,e e f
x x a y y a u u U v v U
u x u x U T T T T
 
  
= = = =
= = − −
 (6) 
 
where Re U a v=  is the Reynolds number. Substitution of equation 
(5) into equations (1) to (3) leads to the following dimensionless 
equations: 
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and the boundary conditions (4) become 
( )10, 0, 1u v
y

 
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= = = − −

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( ), 0, 0e
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where ( )2 o p
f
Q a C U  =  is the heat generation parameter, 
Pr  =  is the Prandtl number, 0K k U a=  is the dimensionless 
viscoelastic parameter, 1  is the Biot number, and 
2ReGr =  is the 
constant mixed convection parameter, where 
( ) 3 2wGr g T T a v = −  is known as a Grashof number. It should be 
declared that the assisting flow (heated cylinder) is when 0  , the 
opposing flow (cooled cylinder) is when 0   and the forced 
convection flow is when 0 = . It should also be mentioned that for 
the case of viscous (Newtonian) fluids, 0K = . 
 
 
 
Solution 
 
The following variables were assumed in order to solve equations (7)–
(9), together with the boundary conditions (10) 
( , ), ( , ),xF x y x y  = =     (11) 
where  , the stream function is defined as 
, ,u v
y x
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    (12) 
that automatically satisfy equation (7). By substituting equation (12) to 
(8)–(10), and considering that ( ) sineu x x= , we obtain 
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along with the boundary conditions 
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At the lower stagnation point of the cylinder, 0x  , equations (13) and 
(14) reduce to the following ordinary differential equations 
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and the boundary conditions (15) become 
( ) ( ) ( ) ( )( )
( ) ( ) ( )
10 0, 0 0, 0 1 0 ,
1, 0, 0,
f f
f f
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  (18) 
 
where primes express differentiation with respect to  . For a 
Newtonian fluid ( )0K = , equations (13) and (14) and equations (16) 
and (17) reduce to the case investigated by Nazar et al. (2004). The 
physical quantities of principal interest in this problem are the skin 
friction coefficient fC  and heat transfer coefficient ( )w x . We define 
these coefficients in non-dimensional form as 
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where k being the thermal conductivity of the viscoelastic fluid. The 
surface shear stress or skin friction and the surface heat flux are given 
by 
2 2
0 2
0 0
2 ,w nf
y y
u u u u u
k u v
y x y x yy
 
= =
      
= + + +           
0
.w nf
y
T
q k
y
=
 
= −  
 
     (20) 
 
Using (6) and (12), we obtain 
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RESULTS AND DISCUSSION 
 
CMC-water-based nanofluid with nanoparticles of Cu were 
used in this research to examine the transport phenomena past a 
horizontal circular cylinder with convective boundary condition in 
presence of heat generation. The systems of equations (13)–(14) and 
(16)–(17) were solved numerically for some values of Biot number 
1 , heat generation parameter 2 , and nanoparticles volume 
fraction  . The values used for all the physical parameters were 
referring from the previous validated literature. The accuracy and 
robustness of Keller-box method used have been repeatedly 
confirmed in the previous publication Nazar et al. (2002) in Fig. 2 
in the case of constant wall temperature ( ) →  . The constant 
temperature results were recovered by using a value of  →  in 
the third boundary condition in equation (18) in this study which 
then gives the condition ( )0 1 =  (isothermal condition). The 
results of Fig. 2 manifest a trend similar to that found in mixed 
convection flow past a horizontal circular cylinder in a regular fluid 
where the heat transfer increases with the increase in the mixed 
convection parameter  . Thus, this supports the validity of present 
graphical results for dimensionless velocity, temperature, skin 
friction, and heat transfer coefficients rate. 
 
 
 
 
 
Fig. 2 Comparison of results for different values of mixed convection 
parameter  . 
 
Fig. 3 to Fig. 5 exhibit the dimensionless velocity and temperature 
profiles for various values of the flow-controlling parameters, namely 
Biot number 1 , heat generation parameter 2 , and nanoparticles 
volume fraction  . Fig. 3 illustrates the effect of Biot number on the 
velocity and temperature distributions in the momentum and thermal 
boundary layer, respectively, for the case of assisting flow. In the 
figure, both velocity ( )f   and temperature ( )   increases as the 
parameter 1  is increased. While 1 → , the solution approaches the 
classical solution for the constant surface temperature where the 
boundary condition (18) reduces to ( )0 1 = , as illustrated in Fig. 3. 
As expected, the stronger convection results in higher surface 
temperatures, causing the thermal effect to penetrate deeper into the 
fluid. 
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Fig. 3  Velocity and temperature profiles for different values of Biot 
number 1 when 21, 1, 0.1, 0.2K   = = = = . 
Fig. 4  Effect of heat generation 
2 on velocity and temperature profiles when 11, 1, 0.2, 0.1K   = = = =
. 
Fig. 4 illustrates the velocity and temperature distributions against 
 , for different values of heat generation parameter, 
2 0,0.2,0.4,0.6 = . Fig. 4 illustrates the velocity and temperature 
distributions at stagnation point against different values of the heat 
generation parameter 2 , with constant values of Prandtl number,
Pr 6.2= , and viscoelastic parameter, 1K = . From the observation, the 
velocity and temperature distribution show an increment with the 
increase in the value of heat generation parameter. In the meantime, 
from the temperature profiles, it is seen that with the effect of heat 
generation, the temperature distribution increases pronouncedly. 
Fig. 5 presents the effect of nanoparticles volume fraction  on 
velocity profile and temperature distribution. From the figure, it can 
be seen that the velocity distribution shows an increment with the 
increase in the value of nanoparticles volume fraction. While the 
temperature distribution decreased near the surface, at one point it 
increased significantly until asymptotically fulfil the boundary 
condition. 
Fig. 5  Effect of nanoparticles volume fraction  on velocity and 
temperature profiles when 1 21, 1, 0.2, 0.2K   = = = = . 
Fig. 6 and Fig. 7 predict the effects of nanoparticles volume fraction 
 and heat generation parameter 2 on the skin friction and heat 
transfer coefficients, respectively.  For Fig. 6, it is seen that the heat 
transfer coefficient decreases while skin friction coefficient increases 
when  increases which is in agreement with the results reported by 
Sheikholeslami et al. (2012). On the other hand, for Fig.7, it is found 
that an increase in heat generation parameter, 2 leads to an increase 
in both the skin friction and heat transfer coefficients. These are 
expected, since the heat generation mechanism creates a layer of hot 
fluid near the surface. 
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Fig. 6  Effect of nanoparticles volume fraction  on skin friction and 
heat transfer coefficient when 1 21, 1, 0.2, 0.2K   = = = = . 
Fig. 7  Effect of heat generation 2 on skin friction and heat transfer 
coefficients when 11, 1, 0.2, 0.1K   = = = = . 
CONCLUSION 
Numerical analysis for the steady mixed convection boundary layer 
flow past a horizontal circular cylinder subject to a convective 
boundary condition and heat generation has been examined 
theoretically and graphically. The following conclusions are drawn 
based on the present investigation: 
• The skin-friction and heat transfer coefficients increase when 
the value 2 increases. 
• An increase in the values of 2 leads to an increase in both 
the velocity and temperature distribution. As 2 increases, 
the velocity and thermal boundary layer thickness increased. 
• Both velocity and temperature profiles increase as the 
parameter 1 is increased. 
• The velocity boundary layer decreases while the temperature 
profiles are characterized by distinctive peaks in the 
immediate vicinity of the wall, and as  increases these 
peaks decrease and move gradually downstream. 
• The heat transfer coefficient decreases while skin friction           
coefficient increases when  increases. 
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